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Abstract 

 

Microalgae are regarded as a potential choice for a sustainable production of food, feed or 

fuels. The cultivation of these microorganisms occurs in photobioreactors (PBR), where light 

distribution is a key aspect for their growth and it is a crucial parameter for the reactor 

productivity. Besides, it is the primary energy source for the cellular metabolism of photo-

trophs. The Radiative Transfer Equation (RTE) governs the light propagation in turbid media, 

whose optical properties change spatially due to the local variation of the air volume fraction. 

Nevertheless, the influence of the gas phase on the light attenuation is scarcely considered 

in literature. 

In the present contribution, we first simulate the fluid flow in a bubble column PBR, and then 

we utilise the spatial distributions of the gaseous and the liquid phase to compute the spec-

tral radiation characteristics of microalgae suspensions. Subsequently, we simulate the light 

field by means of a recently developed lattice Boltzmann solver, and then we compare the 

results with simpler models available in literature. 

 

Introduction 

 

Microalgae are commonly cultivated in closed PBR and they use the energy of light to con-

vert carbon dioxide into biomass. The light distribution inside PBR is a decisive parameter for 

the photosynthesis (Williams and Laurens., 2010), and it is strongly affected by the presence 

of microorganisms. Since they absorb and scatter light, they attenuate light intensity. Moreo-

ver, anisotropic scattering makes an accurate prediction of local light intensities a challenging 

task, first because the scattering characteristics of the microorganisms need to be measured 

(Kandilian et al., 2016), and second because an accurate computation of light distribution by 

scattering requires an adequate discretization of scattering kernel of the RTE (Hunter and 

Guo, 2015). Therefore, in the course of computing light distributions, scattering effects are 

often simplified. Most consistently, this is done in the Lambert Beer law, where scattering is 

fully neglected. Other models, like so-called Cornets model (Pottier et al. 2005) assume light 

propagation to be a quasi 1D problem, which simplifies the computation significantly and en-

ables analytical solutions. 
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Another simplification is that a homogeneous cell distribution is commonly assumed inside 

PBR. However, most of PBR are aerated in order to furnish carbon dioxide to the suspen-

sion, obtain an adequate mixing of the liquid phase and remove oxygen (Olivieri et al., 2014). 

The presence of gas modifies the local scattering characteristics of a suspension, being 

those of bubbles different than those of microalgae cells. Therefore, the hydrodynamic char-

acterization of a PBR is necessary, and it can be predicted with the aid of Computational 

Fluid Dynamics (CFD). Since two-dimensional simulations may produce unrealistic results 

(Mudde et al., 1996), and they may exhibit a strong grid dependency (Bech 2005), fully three 

dimensional unsteady computations are required. They are able to predict, at least qualita-

tively, the typical complex flow patterns of a bubble column PBR (Pfleger et al., 1999, 

Masood and Delgado, 2014). CFD can also be combined with numerical simulations of light 

distribution and kinetic growth. Simple approaches opt for the Lambert Beer law and the Aiba 

model (Zhang et al., 2015), while more sophisticated ones make use of ray tracing simula-

tions and an empirical three-parametric equation (Krujatz et al. 2015). Other researchers 

integrate a compartmental with a photosynthetic factory model (Nahua et al., 2013), including 

also light directionality and day and night time conditions (Nahua et al., 2015). 

In the present contribution, we first simulate numerically the bubble column flow inside a cy-

lindrical PBR. Afterwards, we compute the radiation characteristics of the suspension by 

weighting the radiation characteristics of gas bubbles and those of microorganisms. Finally, 

we compare the numerical solution of the RTE, obtained with a lattice Boltzmann solver 

(McHardy et al., 2016), with simpler analytical models. 

 

Simulation set-up: CFD 

 

Geometry and mesh 

The PBR has a cylindrical shape with a small inlet located in one base. The diameter of the 

PBR is 5 [cm] and its height is 50 [cm]. The diameter of the inlet sparer is 1 [cm]. Both the 

geometry and the mesh have been generated with the aid of the commercial software 

ANSYS ICEM®. We cover our domain with a structured grid of 54802 volumes, see Fig. 1. 

The mesh has been refined near the walls and it is equally spaced along the axial direction. 

    

 

Fig. 1 a) meshed base of the cylinder containing the inlet, b) focus on the meshed inlet sparger, c) side view (light blue to high-

light the grid) of the PBR.  

a) b) 

c) 
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Mathematical modelling of fluid flow 

 

The Eulerian formulation of the Reynolds averaged form of the mass conservation equation 

for each phase may be written as 

    0
k k k k k

t
   


  


 u   (1) 

where
k

 ,
k

 and
k

u are the density, volume fraction and velocity of each phase. The subscript 

k indicates the phase: L stands for the liquid and G for the gas phase. The momentum equa-

tions for multiphase flows read 
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where, ,s L G .The left-hand side of Eq. 2 contain the temporal and the convective accelera-

tion of each phase, while the right-hand side contain the divergence of the viscous stress 

tensor, pressure gradient, gravity and interphase momentum forces (Pfleger et al. 1999). The 

stress tensor is  

   
,

2
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where the effective viscosity
,k e ff

 is the sum of the molecular and the turbulent viscosity 

, , ,k e ff k L a m k T u rb
      (4) 

The last term of the right-hand side of Eq. (2) represents the interphase momentum forces, 

,s k
M . In our simulations, we consider the drag, lift, virtual mass, wall lubrication and disper-

sion forces. We compute the drag coefficient
D

C with the Grace correlation (Grace et al., 

1976), the lift coefficient
L

C with the Legendre-Magnaudet model (Legendre et al., 1998) and 

the wall lubrication force coefficient
W L

C with the Frank model (Frank et al., 2004; Frank et al., 

2008). We retain the virtual mass coefficient 0 .5
V M

C  , and we employ the Favre averaged 

model (Burns et al., 2004) for the turbulent dispersion forces. In order to compute the turbu-

lent eddy viscosity
,k T u rb

 of each fluid, we choose the Shear Stress Transport (SST) model 

(Menter 1999) for the water and the dispersed phase zero equation for the air. 

 

Radiation characteristics of the suspension 

 

In order to compute the radiative properties of a mixture, we superimpose the radiation char-

acteristics of single components (Pilon et al., 2011), i.e.  

    1
A G

   x x
 

(5a) 

    1
A G B

     x x
 

(5b) 

where and are the effective absorption and scattering coefficients, while
A

 and
A

 are the 

those of the suspension. They are related to the mass concentration
A

c , the absorption and 

scattering cross-sections
A B S

A and
S C A

A via the relations 
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A A A B S
c A   (6a) 

A A SC A
c A   (6b) 

This assumption is valid in the single-digit gram-per-liter range, typical for PBR. In case of 

gas bubbles, we only consider scattering effects, being the adsorption ones negligible com-

pared to those of microalgae. Therefore, for bubbles we have 

0
B

   (7a) 
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B

B

G

B

A Q

V
 x x

 
(7b) 

where
B

V is the volume,
B

A is the geometrical cross-section of a single bubble and
sca

Q the 

scattering efficiency. Finally, we use an effective scattering phase function weighted with the 

volumetric scattering coefficients of both microalgae and gas bubbles, i.e.  
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Mathematical modelling of light distribution: the RTE 

 

The light propagation in turbid media is governed by the RTE, which may be written as  

         ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , , , , , , , d

4 4
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where  ˆ, ,I tx s is the radiation intensity, c , t , ,  , ŝ and x denote speed of light, time, solid 

angle, extinction coefficient, unit direction and position vector. The scattering albedo is de-

fined as 




 



  (10) 

The extinction coefficient is the sum of the effective adsorption and scattering coefficients, 

i.e.     , that have been defined in Eqs. (5a) and (5b), respectively. Additionally, in Eq. 

(9)   is the scattering phase function, which models the angular distribution of scattered 

light. We solve Eq. (9) by means of a lattice Boltzmann method developed by (McHardy et 

al., 2016). Details of the discretized form and the numerical solution of Eq. (9) are given in 

(McHardy et al., 2016, McHardy et al., 2017) and will not be repeated here. 

   

Mathematical modelling of light distribution: analytical expressions 

 

Lambert Beer’s law is the analytical solution of a 1D simplification of Eq. (9) which fully ne-

glects the effects of scattering. The analytical expression reads 

( ) ( ) ex p ( ( ) )I x x I x x x   +   (11) 

The second model we test is Cornet’s model (Pottier et al. 2005), which is based on the 

Schuster-Schwarzschild Two-Flux approximation of Eq. (9). For collimated light and non-

reflecting boundaries it reads 

2 2
0

( ) (1 ) ex p ( ) ex p ( ) (1 ) ex p ( ) ex p ( )

(1 ) ex p ( ) (1 ) ex p ( )

I x

I
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where / ( 2 )b     , ( 2 )b     . For Henyey-Greenstein phase functions, the 

backscattering fraction b  is given as 

2

1 1
1

2 1

g g
b

g g

  
  

   

 (13) 

where g is the anisotropy factor. The original version of Cornets model (Cornet et al. 1994) 

assumes isotropic scattering and uses the reduced scattering coefficient '
(1 )

A A
g   instead 

of 
A

 . The model equation reads 

2 2
0

( ) (1 ) ex p ( ( / 1)) (1 ) ex p ( ( / 1))

(1 ) ex p ( ) (1 ) ex p ( )

I x

I

x L x L

L x

   

   

     


   

  (14) 

It is important to state that Eqs. (12) and (14) can only be applied to optical homogeneous 

media, that is, , , ,g b c o n s t   . 

 

Simulation details 

 

We perform all the numerical simulations of fluid flow by means of the commercial software 

ANSYS CFX®, which is a node-centred finite volume solver. At the inlet, we specify an air 

mass flow rate and we set the outlet as an opening boundary condition. The other surfaces 

of the geometry have been set as walls, with a no-slip boundary condition for both fluids. 

Additionally, we leave an air headspace in the last 10 [cm] of the reactor. Furthermore, we 

set a constant fixed mean bubble diameter, 7
B

d  [mm]. We ran unsteady simulations with a 

value of gas superficial velocity of 8 .5
G

U  [mm/s]. We choose a variable adaptive time step, 

whose maximum value is 
3

1 .2 5 1 0t


   [s], and its minimum one is
4

5 1 0t


   [s]. The time 

step decrease and increase factors are 0.5 and 2, respectively. The maximum number of 

inner iterations is thirty and the convergence criteria are met when the scaled residuals of 

velocity and pressure are below the value of 10-4.  

The different models for computations of light distributions have been implemented in Matlab 

2016b®. For the lattice Boltzmann method, we make use of a structured lattice with approxi-

mately 1E07 nodes, while we evaluate analytical models at similar distances. Moreover, we 

assume that the reactor is illuminated from four sides by plane light sources, emitting di-

rected light. Reflections and refraction caused by the curved boundaries of the reactor have 

been neglected. Radiation characteristics of an optically inhomogeneous medium have been 

computed according to Eqs. (5-8), while for optically homogeneous media Eq. (6) has been 

applied. The radiation characteristics of microalgae have been assumed to be equal to those 

measured by Kandilian et al. (2016) for C. reinhardtii. We utilize the anisotropy factors 

0 .9 7Ag  for cells and 0 .8 6Bg  for bubbles. 

 

Results and discussion 

 

A typical characteristic of an aerated bioreactor flow is a meandering air bubble “plume”, see 

Fig. 2 a), and Fig. 2b), at two different time instants. The chaotic movement of the bubble 

plume generates three-dimensional vortical structures in the liquid phase that dominate the 

bubble column hydrodynamics. Figure 2 c) shows the dimensionless logarithmic light intensi-

ty as predicted by Cornets model, Eq. (12). It can be seen that for optically homogeneous 

media directed illumination from four sides results in a profile of light intensity which is sym-

metric in the azimuthal direction. Qualitatively, similar patterns can be observed for all of the 

considered models in optically homogeneous media.  
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b) 

c) a) b) 

 

 

   

 

Air volume fraction on an x-y plane at z=0 at Fig. 2a) t=129.45 [s], Fig. 2b) t=135.7 [s]. The gas superficial velocity is 8.5 [mm/s], 

Fig. 2c) Logarithmic dimensionless intensity log I/I0 in the x-z plane as predicted by Cornets model, Eq. (12), for an optically 

homogeneous medium with biomass concentration of 1 kg/m
3
 and wavelength of 700 nm. 

Prediction of different light propagation models 

 

Fig. 3 shows the profiles of light intensity at 5 2 0  nm and 6 5 5  nm as predicted by dif-

ferent models, for a biomass concentration 0 .5  
A

c  kg/m3. At 5 2 0  nm the absorption is 

relatively weak while at 6 5 5  nm, it is close to the absorption maximum of microalgal pig-

ments. It can be seen that the original isotropic Cornet model, Eq. (14), always predicts the 

highest attenuation. In contrast, compared to the other analytical models, the Lambert-Beers 

law predicts the lowest attenuation. This occurs since backscattering effects are neglected. 

The effect of spatially inhomogeneous radiation characteristics, due to the presence of bub-

bles, is negligible and averaged profiles of the RTE are almost symmetric. However, the air 

reduces the absorption coefficient which results in lower attenuation, in case of the inhomo-

geneous Lambert-Beers law as compared to the homogeneous one. Fig. 4 depicts the re-

sults of the analytical models compared to the averaged intensity profiles computed solving 

the RTE. For the analytical models, the homogeneous radiation characteristics have been 

computed by Eqs. (5)-(8), assuming an averaged air volume fraction in the whole PBR. For 

low biomass concentrations the light intensity profiles of the RTE, anisotropic Cornet model 

and Lambert-Beer’s law show minimal deviations, while again the isotropic Cornet model 

predicts the highest attenuation. In case of higher biomass concentrations, the effects of 

scattering lead to higher deviations between the models. 

 

Discussion 

Analytical models have been used to compute the light distribution in inhomogeneous micro-

algae suspensions. If the presence of air is considered in the calculation of radiation charac-

teristics, the predicted light intensity profiles match quantitatively those computed numerical-

ly. Computations of air volume fractions by means of CFD provide the required information in 

order to compute the effective radiation characteristics. However, analytical solutions of light 

propagation models are restricted to simple geometries, and limitations can occur if complex 

Air volume fraction Air volume fraction 
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geometries and boundary effects must be considered. In such situations, the full 3D solution 

of the RTE is required. Our results indicate that accurate solutions of the RTE can be also be 

obtained using averaged radiation characteristics, since local effects does not to affect 

strongly the light intensity profiles, at least under the conditions we investigated in this work. 

This is a beneficial result, since spatial inhomogeneity cause a much higher computational 

cost compared to the case of an optically homogenous media. However, our findings need 

further investigations, since the considered parameter space captures just a small portion of 

the possible conditions of a PBR. 

  

Fig. 3 Predictions of light intensity profiles inside a PBR according to different models for two wavelengths. Black lines denote the 

solutions of analytical models. Red lines are the solutions of the Lambert-Beers law and the RTE (computed with LBM), taking into 

account the presence of gas bubbles. The profile of the numerical solution of the RTE is averaged over the reactor height: a) 520 

nm, b): 655 nm. 

 

Fig. 4 Predictions of different models with radiation characteristics considering an averaged air volume 

fraction. The solution of the RTE is computed by using inhomogeneous radiation characteristics. 

 

 

 

 

 

 

 

cA = 0.25 kg/m3 

cA = 0.5 kg/m3 

a) b) 
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