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1. Introduction 
 

The laser Doppler technique is well-established as a velocity measurement technique of high 

precision for flow velocity. Recently, the laser Doppler technique has also been used to 

measure acceleration of fluid particles (Lehmann et al. 2002). Acceleration is interesting from 

a fluid mechanics point of view, since the Navier Stokes equations, specifically the left-hand-

side, are formulated in terms of fluid acceleration. Further, there are several avenues to es-

timating the dissipation rate using the acceleration (Mann et al. 1999). However such meas-

urements place additional demands on the design of the optical system; in particular fringe 

non-uniformity must be held below about 0.01% to avoid systematic errors. Relations ex-

pressing fringe divergence as a function of the optical parameters of the system have been 

given in the literature (Miles 1996, Miles and Witze 1996); however, direct use of these for-

mulae to minimize fringe divergence lead either to very large measurement volumes or to 

extremely high intersection angles (Lehmann et al 2002). This dilemma can be resolved by 

using an off-axis receiving arrangement, in which the measurement volume is truncated by a 

pinhole in front of the detection plane. In the present study an optical design study is per-

formed for optimizing laser Doppler systems for fluid acceleration measurements. This is 

followed by laboratory validation using a round free jet and a stagnation flow, two flows in 

which either fluid acceleration has been previously measured or in which the acceleration is 

known analytically. A 90 degree off-axis receiving angle is used with a pinhole. 

 

 

2. Design Considerations for Fringe Divergence 

 

Fringe divergence L  is defined as a relative error of the fringe spacing at arbitrary positions, 

xδ  with respect to the fringe spacing at the origin, oxδ . 

    ( ) oo xxxL δδδ /−=       (1) 

There are two main dependencies of xδ  to be considered, longitudinal and transverse. The 

longitudinal dependency is given by (Miles 1996). 
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Here, λ  is the wavelength of two laser beams, Θ  is the full intersection angle of the beams, 
or  is the beam diameter before the transmitting lens, d  is the beam separation before the 

transmitting lens, oz  is the position of beam waist in front of the transmitting lens, f  is the 

focal length of transmitting lens, Rl  is the Rayleigh length, and ẑ  is the normalized beam 

axis, i.e., 1ˆ1 ≤≤− z . For an ideal beam alignment,  
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The transverse fringe spacing dependency is given by (Miles 1996), 
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where x̂  is the normalized transverse axis, i.e., 1ˆ1 ≤≤− x . For an ideal beam alignment, the 

transverse fringe spacing becomes 

2
sin2

, Θ
= λδ idealxx .     (5) 

Following the definition of fringe divergence in Eq. (1), the longitudinal fringe divergence zL  

with an ideal beam alignment is then 
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The transverse fringe divergence xL  with the ideal beam alignment becomes  

     0=xL        (7) 

which means no fringe divergence in this situation. 

 

zL  is symmetric about 0ˆ =z  and the divergence in the z  direction dominates over the 

transverse divergence, xL . For fluid acceleration measurements, L  should be less than 

about 0.01%. A design formula for a specified fringe divergence zL  is therefore 
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Fig. 1: Design curve for fringe divergence (dots indicate design points) 

 

 df /  dro /  f  (mm) or  (mm) wr  (mm) Θ (deg) xL  (%) 
zL  (%) 

Case 1 10 0.00667 300 0.2 0.245 11.4 0.4×10-6 0.0044 

Case 2 0.0667 0.0333 20 1 3.27×10-3 112.6 0.248 0.11 

Case 3 10 0.0333 300 1 0.049 11.4 0.001 0.1 

Table 1: Design point for transmitting optics 

 

Fig.1 displays design curves for different limiting fringe divergence values zL . The areas be-

low the solid line in Fig. 1 represent conditions under which the fringe divergence is less than 

0.01%. The black dots denote design points to be used in the present study. Three design 

points have been selected and prescribed in more detail in Table 1. All the parameters are 

obtained using the above equation for zL . Both zL  and xL  have been calculated by the 

fringe spacing formula without approximation for comparison purposes (Miles 1996).  
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Here, ix  and iz  ( 2,1=i ) are local beam coordinates to describe two input laser beams. Ril  

( 2,1=i ) is the Rayleigh length corresponding to each laser beam. In this case, direct deriva-

tion of fringe divergence formula would be much more complicated than Eqs. (6) and (7). The 

complete fringe divergence by using Eq. (9) should give good agreement with Eqs. (6) and 

(7).  

 

In Table 1, Case 1 displays the situation when the size of the measurement volume is rather 

large and no longer a point measurement. Because the beam radius before transmitting lens 

is very small, the beam radius after the lens becomes larger according to (Albrecht et al. 

2003).  
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wr  is the beam waist radius after the transmitting lens. In Case 1, mmrw 245.0=  is relatively 

large compared with the other two cases shown in Table 1. Therefore, the size of measure-

ment volume might be treated as volumetric rather than point-wise among the three design 

points.  

 

Case 2 corresponds to a highly focussed system with a large intersection angle. A large in-

tersection angle actually violates the assumptions made in deriving the fringe spacing formu-

lae (Miles and Witze 1996; Miles 1996).  

 

Case 3 is a more typical optical arrangement, using an off-axis receiving optics and a pinhole. 

While the pinhole is normally included to remove background noise components, in this case 

it also truncates the measurement volume in the z  direction and eliminates portions with 

high fringe divergence. Case 1 and 3 give very low value at xL , which indicates the assump-

tions used to derive Eq. (8) are correct.  

 

Figs. 2 – 4 illustrate the fringe divergence for each design case. Fig. 2 displays the fringe 

divergence in Case 1. The longitudinal fringe divergence reaches 0.005% at the edge of the 

measurement volume, while the transverse fringe divergence is essentially zero. Fig. 3 dis-

plays the fringe divergence in Case 2. Significant deviation from the approximate fringe di-

vergence formulae is found, because a very large intersection angle is used. In this case, the 

transverse fringe divergence seems to dominate the fringe divergence. However, this results 

simply shows the violation of assumptions mentioned above. Fig. 4 displays the fringe diver-

gence in Case 3. The longitudinal fringe divergence indicates a fringe divergence of 0.1% at 

the edge of the measurement volume. By setting the criterion at 0.01%, the useful measure-

ment range along the beam axis is found to be mmzmm 15.015.0 ≤≤− . This value is cal-

culated from the following equation. 
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Here, maxẑ  is the maximum location where the requirement for a given fringe divergence is 

satisfied. Therefore, a slit or a pinhole, which has an imaged width at the measurement vol-

ume less than 0.3 mm is necessary to limit the longitudinal fringe divergence below 0.01%. 
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Fig. 2: Fringe divergence for case 1 
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Fig. 3: Fringe divergence for case 2 
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Fig. 4: Fringe divergence for case 3 

 



  

3. Further Content of Paper 

 

Measurements have been performed in a round free jet and in a stagnation flow. Analytical 

fluid velocity and acceleration profiles are given by an eddy viscosity approximation. The tur-

bulent structure of a round free jet is also well-documented in the literature, in particular the 

dependence of dissipation rate, hence the fluid acceleration is known in terms of non-

dimensional axial position. Also in the stagnation flow the expected acceleration is known 

from the mean velocity changes along the stagnation streamline.  

 
Some further remarks will be made about the use of fluid acceleration information in other 
fields. For instance, in terms of flow noise research, the gradient of fluid acceleration is also 
important because it gives the dipole component of second-order derivatives of the Lighthill 

stress tensor ijT . According to the Lighthill’s acoustic analogy, the wave equation is derived 

as follows. 
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Here, ρ  is density, 'ρ  is density variation, iu  is fluid velocity, ia  is fluid acceleration, c  is 

the speed of sound, 1'ρ  is the density variation in an acoustic source region, and 
2∇  is the 

Laplacian operator.  Even though the last two terms on the right-hand-side are treated as 
dipole and monopole sound sources on the solid surfaces, they can be also considered as 
sources by fluid motion. The gradient of Lagrangian fluid acceleration provides one of acous-
tic sources in this case. Therefore, the gradient of fluid acceleration will be also measured as 
a first step to evaluate the magnitude of Lighthill stress tensor in the free-air jet and the stag-
nation flow. 
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